The approximate solution to a class of sixth order boundary value problems is obtained using the reproducing kernel space method. The numerical procedure is applied on linear and nonlinear boundary value problems. The approach provides the solution in terms of a convergent series with easily computable components. The present method is simple from the computational point of view, resulting in speed and accuracy significant improvements in scientific and engineering applications.It was observed that the errors in absolute values are better than compared (Che Hussin and Kiliçman (2011 ) and, Noor and Mahyud-Din (2008 ), Wazwaz (2001 , Pandey (2012)). Furthermore, the nonlinear boundary value problem for the integrodifferential equation has been investigated arising in chemical engineering, underground water flow and population dynamics, and other fields of physics and mathematical chemistry. The performance of reproducing kernel functions is shown to be very encouraging by experimental results.
Introduction
Boundary value problems arise in engineering, applied mathematics, and several branches of physics and have attracted much attention. However, it is difficult to obtain closed-form solutions for boundary value problems, especially for nonlinear problems. In most cases, only approximate solutions (either numerical solutions or analytical solutions) can be expected.
It is well known that a wide class of boundary value problems arise in various branches of pure and applied sciences including astrophysics, structural engineering, optimization, and economics. The literature of the numerical solution of sixth order boundary value problems is sparse. These types of problems generally arise in astrophysics; the narrow convecting layers bounded by stable layers which are believed to surround A-type stars may be modeled by sixth order boundary value problems [1] .
Chandrasekhar [2] determined that when an infinite horizontal layer of fluid is heated from below and is under the action of rotation, instability sets in. When this instability is an ordinary convection, the ordinary differential equation is a sixth order. Details of the theorems which listed the conditions for the existence and uniqueness of solutions of sixth order boundary value problems are given in Agarwal [3] , but no numerical methods are contained therein.
Higher order boundary value problems arise in the study of astrophysics, hydrodynamic and hydromagnetic stability, fluid dynamics, astronomy, beam and long wave theory, engineering, and applied physics. The boundary value problems of higher order have been investigated due to their mathematical importance and the potential for applications in diversified applied sciences.
Siddiqi and Akram [4, 5] presented a second order method using polynomial and nonpolynomial septic splines for the solution of linear sixth order boundary value problems with boundary conditions at first and second order derivatives. Noor and Mohyud-Din [6] proposed a reliable approach for solving linear and nonlinear sixth order boundary value problems by homotopy perturbation method. Wazwaz [7] used decomposition and modified domain decomposition methods to investigate the solution of sixth order nonlinear boundary value problems by making a comparison among differential transformation method (DTM) and Adomian decomposition method (ADM) [8] . Simos [9] proposed a new closed Newton-Cotes trigonometrically fitted differential method of high algebraic order. Simos [10] used a hybrid two-step method for the numerical solution of the radial Schrdinger equation and related problems with periodic or oscillating solutions. Anastassi and Simos [11] developed an efficient parametric symmetric linear phase fitted four-step method for the numerical solution of the Schrdinger equation and related oscillatory problems. A reproducing kernel Hilbert space is a useful framework for constructing approximate solutions of boundary value problems [12] [13] [14] [15] . In this paper, a reproducing kernel method is used for the solution of a class of sixth order boundary value problems. To the best of our knowledge, the sixth order nonlinear boundary value problem for the integrodifferential equation which arises in chemical engineering, underground water flow and population dynamics, and other fields of physics and mathematical chemistry has not been investigated yet. It is illustrated that our methods can also be used to find the approximate solution of such integrodifferential equations.
Consider the following sixth order two-point boundary value problem (BVP):
where and , = 0, 1, 2, are finite real constants and ( ), = 0, 1, 2, and ( , ( )) are the continuous functions on [0, 1]. Let the differential operator be , and homogenization of the boundary conditions of (1) can be transformed into the following form:
Therefore, to solve (1), it suffices to solve (2). The rest of this paper is organized as follows. In Section 2, the reproducing kernel function is obtained, and reproducing kernel spaces needed in this paper are defined. After that in Section 3, a solution of (2) with initial boundary value conditions is presented. Finally, numerical examples are discussed to demonstrate the accuracy of the presented method in Section 4. 
Reproducing Kernel Spaces
(ii) The reproducing kernel space
Also, the inner product is given by 
The coefficients , ( = 0, 1, 2, . . . , 13) are given in the appendix at the end.
The Exact and Approximate Solutions
The solution of (2) is given in the reproducing kernel Hilbert space 
where
is the conjugate operator of .
is a complete system of
Proof. For each fixed ( ) ∈
is dense in [0, 1], ( )( ) = 0, which implies that ≡ 0 from the existence of −1 . Using reproducing kernel property, it can be written as
To orthonormalize the sequence { } ∞ =1 in the reproducing kernel space . If ( ) is exact solution; then the solution of (2) has the form
Proof. Since ( ) ∈ 
Since the space
From (9) and (11), it can be written as
If ( ) is the exact solution of (2) and = ( , ( )), then
The approximate solution of ( ) is given by
Remark 4. If (2) is linear, that is, ( , ( )) = ( ), then the solution can be obtained directly from (14) .
If (2) is nonlinear, the approximate solution can be obtained using the following method.
Using (13), the following iterative formula can be constructed as
It can be noted that the approximate solution ( ) given in (15) satisfied the boundary conditions of problem (2) . In fact, the solution of problem (2) is considered as the fixed point of the following functional under the suitable choice of the initial term 0 ( ):
Theorem 5 (Banach's fixed point theorem). Assume that X is a Banach space and : → is a nonlinear function, and assume that
for some constants < 1. Then, A has a unique fixed point. Furthermore, the sequence +1 = [ ] with an arbitrary choice of 0 ∈ converges to the fixed point of A.
According to Theorem 5, for the nonlinear mapping,
a sufficient condition for convergence of the present iteration method is strictly contraction of A. Furthermore, the sequence in (15) converges to the fixed point of A which is also the solution of problem (2). The approximate solution , ( ) can be obtained by taking finitely many terms in the series representation of ( ), given by 
Numerical Examples
To illustrate the applicability and effectiveness of our method, three numerical examples are constructed. All the numerical computations are performed by using Mathematica 5.2 on a system with Intel Core 2 Quad 2.6 GHz CPU and 3 GB of RAM.
Example 6. Consider the following special sixth order boundary value problem involving a parameter c [6] :
The exact solution of problem (20) is
A comparison of the errors in absolute values between the method developed in this paper and that of Noor and Mohyud-Din [6] is shown in Table 1 . For small values of = 1, 10, 1000, and 1000, it is noted that the results obtained by our method are better than the method developed by Noor and Mohyud-Din [6] . The results obtained by Noor and Mohyud-Din using Adomian's decomposition method, variation iteration method, and Homotopy perturbation method for large values of = 1000000 are no longer valid as given in [6] , but the results obtained by the present method for Example 6 are also valid and accurate for large value of = 1000000.
Example 7.
Consider the following nonlinear boundary value problem of sixth order [6, 7] :
The exact solution of problem (22) is
A comparison of the errors in absolute values between the method developed in this paper and that of Wazwaz [7] and Noor and Mohyud-Din [6] is shown in Table 2 and Figures 1 and 2 .
Example 8. Consider the following nonlinear boundary value problem of sixth order:
The exact solution of problem (24) is
Abstract and Applied Analysis 5 A comparison of the errors in absolute values between the method developed in this paper and that of Che Hussin and Kiliçman [8] is shown in Table 3 and Figures 3 and 4 . Example 9. Consider the following nonlinear integral boundary value problem of sixth order:
The absolute error (between exact and approximate solutions) and relative error are given in Table 4 and Figures 5 and 6 .
Example 10. Consider the following nonlinear boundary value problem of sixth order:
It is observed that the results obtained from our method which are obtained in the form of maximum absolute error (MAE) are better than the results obtained from the finite difference method [16] as shown in Table 5 . It is noted that CPU time (s) for = 8 is 0.346, = 16 is 0.416, = 32 is 0.687, = 64 is 1.886, and = 128 is 4.366.
Conclusion
In this paper, a reproducing kernel space method to find the solution of a class of sixth order boundary value problems is considered. The properties of the reproducing kernel space require no more integral computation for some functions, instead of computing some values of a function at some nodes. This simplification of integral computation not only improves the computational speed but also improves the computational accuracy. It was observed that the errors in absolute values are better than the other developed methods [6] [7] [8] 16 ]. Mathematica software is used for all computational work. The numerical results show that only a few number of iteration steps can be used for numerical purpose with a high degree of accuracy. It is analyzed that our proposed method is well suited for use in higher order boundary value problems as it provides the best solution in a less number of iterations and reduces the computational work. Therefore, the present method is an accurate and reliable analytical technique for sixth order boundary value problems. 
